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Abstract. For a finitely generated discrete group T, the T-sectors of an orb- 
ifold Q are a disjoint union of orbifolds corresponding to homomorphisms from 
r into a groupoid presenting Q. Here, we show that the inertia orbifold and 
fc-multi-sectors are special cases of the T-sectors, and that the T-sectors are 
orbifold covers of Leida's fixed-point sectors. In the case of a global quotient, 
we show that the T-sectors correspond to orbifolds considered by other authors 
for global quotient orbifolds as well as their direct generalization to the case 
of an orbifold given by a quotient by a Lie group. Furthermore, we develop a 
model for the T-sectors corresponding to a generalized loop space. 



1. Introduction 

In [9] , the authors introduced the F-sectors of an orbifold in order to determine 
a complete obstruction to the existence of a nonvanishing vector. The definitions of 
these sectors was heavily motivated by several existing constructions for orbifolds 
by Kawasaki ([12]. [13], and Q3]), Chen and Ruan ([6], [H]), Bryan and Fulman 
([!]), and Tamanoi ([20] and [21]). 

The goal of this paper is to show explicitly how the F-sectors generalize these 
constructions. In particular, we show that the inertia orbifold corresponds to the 
Z-sectors and the /c-multi-sectors correspond to the F^-sectors where is the free 
group with k generators. The orbifolds whose Euler characteristics are considered 
by Bryan-Fulman and Tamanoi for global quotients correspond to the Z fc -sectors 
and F-sectors, respectively, in the case that Q can be expressed as a global quotient; 
i.e. a quotient of a manifold by a finite group. Additionally, we show that the fixed- 
point sectors introduced by Leida in [15] are orbifold-covered by the F-sectors for 
an appropriate choice of F 

The work of Lupercio and Uribe in [16] (see also [8]) demonstrates that the inertia 
orbifold naturally appears when considering the loop space of an orbifold. Here, 
we show that the same holds true for the F-sectors; in particular, they appear 
when considering smooth maps Mp — ► Q where Mp is a smooth manifold with 
fundamental group F This generalizes results of Tamanoi in |21| . stated for global 
quotients in the context of orbifold bundles. 

In the case that an orbifold Q is presented by a quotient M/G where M is a 
manifold and G is a Lie group acting locally freely, i.e. properly with discrete stabi- 
lizers, there is a very natural extension of the definition of the orbifolds considered 
by Bryan-Fulman and Tamanoi (see Definition 12. ip . We show that this again coin- 
cides with the T-sectors. Note, however, that such a presentation of the F-sectors 
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leads to a different indexing of the sectors. In the case of a global quotient, the 
T-sectors are naturally indexed by G-conjugacy classes (0)~ of homomorphisms 
4> : r — > G whose images fix a nonempty subset of M; we use t T M . G to denote 
the set of conjugacy classes of such homomorphisms (see Subsection I2.1|L On the 
other hand, if Q is an orbifold groupoid presenting Q, then the sectors are indexed 
by elements of Tq, the set of ^-classes of elements of HOM(T,Q) or equivalently 
connected components of \Q x HOM(r, Q)\ (see [9l Subsection 2.2] or Subsection 
l2.2l below). The discrepancy arises from the fact that the fixed-point set of a homo- 
morphism <j) : F — > G need not be connected, and hence the T-sector corresponding 
to (4>)~ E %M 4 G ma y correspond to the disjoint union of several T-sectors, each 
corresponding to one element of Tq (see Example I3.2[) . 

Note that in [9], we made the requirement that our local groups act with a 
fixed-point set of codimension 2; however, it was noted that the construction of 
the T-sectors did not require this property. In this paper, we do not make this 
requirement. Moreover, while our primary interest is the case of orbifold groupoids, 
many of these constructions and results generalize directly to the case of orbispaces 
(see [5]). We mention these generalizations as they arise. 

The first author would like to thank the MSRI for its hospitality during the 
preparation of this manuscript. 

2. Two Definitions of the T-Sectors for Quotient Orbifolds 

In [pj , the T-sectors of a general orbifold were constructed in terms of the orbifold 
structure given by an orbifold groupoid Q; that is, a proper, etale Lie groupoid. For 
background on orbifolds from this perspective, the reader is referred to [1]; see also 
[18j and [17j . In Subsection l2.ll we are primarily concerned with orbifolds presented 
as the quotient of a manifold by a Lie group. We construct the T-sectors directly 
from such a presentation. This construction was introduced by Tamanoi in |20j and 
[2"T] for the case that G is finite; the definitions are unchanged for general G. In 
Subsection 12.21 we review the key points of the construction in [5J and give other 
interpretations. Note that we use slightly different notation for the T-sectors of 
a quotient orbifold to distinguish from the construction using a general orbifold 
groupoid; these definitions will be compared in Section [3] 

2.1. T-Sectors of a Quotient Presentation. Let Q be an n-dimensional quotient 
orbifold. By this, we mean that Q is presented by G x M where M is a smooth 
manifold, G is a Lie group acting smoothly on M, and G K M is Morita equivalent 
to an orbifold groupoid, i.e. a proper etale Lie groupoid. In 2, page 536] and 
[TJ page 57] (see also [HJ page 76]), it is noted that this is the case whenever the 
following conditions are satisfied: 

i. the isotropy group G x for each x E M is finite, 

ii. there is a smooth slice S x at each x £ M, and 

iii. for each x,y E M with y Gx, there are slices S x and S y such that 
GS X n GS y = 0. 

In particular, it is noted that (ii) and (iii) are automatically satisfied if G is com- 
pact. The following special cases are worth noting; occasionally, we will restrict our 
attention to one of these. 

• If G is a finite group, then Q is a global quotient orbifold. 



GENERALIZED TWISTED SECTORS OF ORBIFOLDS 



3 



• If G is a discrete group acting properly discontirmously, then Q is a good 
orbifold (see [221 Definition f 3.2.3] or [HI page 20]). 

Note that we use the notation Mj G to indicate the quotient space as a topological 
space only; the orbifold (i.e. Morita equivalence class of the groupoid G k M) will 
generally be denoted Q. In [11], the question of whether every orbifold can be 
expressed as a quotient is addressed. In general, this question remains unresolved. 

Note that in the case of a good orbifold (including the case of a global quotient), 
the groupoid G k M is an orbifold groupoid. On the other hand, if G is a Lie group 
of positive dimension, then G x M is not etale, though it is Morita equivalent to 
an orbifold groupoid. In general, G tx M as well as any Morita equivalent groupoid 
will always be a proper foliation groupoid (see [H pages 18 and 21] and [7] for more 
details). 

Let r be a finitely generated discrete group — although many of our constructions 
make sense for arbitrary T, we are only interested in this case. If <j) and ip are 
homomorphisms from T to G, we say <j) ~ ip if they are pointwise conjugate; i.e. if 
there is a g G G such that gfii^g^ 1 — ip(j) for each 7 G T. We let ((f)) denote the 
conjugacy class of 4> (or sometimes (</>)~ to distinguish from equivalence classes via 
other relations), and let t T M . G denote the set of conjugacy classes of homomorphisms 
<fi whose images have nonempty fixed-point sets in M. We let denote the fixed- 
point set of the image of (f> in G and Cg {4>) is the centralizer of the image of <f> in 
G. 

Definition 2.1. Let <f> : V — > G be a homomorphism with AfW ^ 0. Then the 
T-sector of G x M associated to ((f)) is the orbifold with presentation 

(M;G) W :=C G {<f>) x A/<*>. 

We let (M; G)r denote the disjoint union of the T-sectors, 

(M;G) r := ]J (Af;G) (0) . 

(*)S*M,G 

If G is finite, it is obvious that each (M]G)u,) is an orbifold groupoid (i.e. a 
proper etale Lie groupoid) . We will see in Corollary 13.31 that this is generally the 
case. 

If x S MW c M, we will sometimes use the notation (x,(j>) to distinguish 
between (x,(j>) G M <0) and (x,l) G AfW = M. Hence, we use C G ((j))(x,(f)) to 
denote the corresponding point in (M; G)(^) 

The following lemma, whose proof is standard, ensures that the definition of 
(M; G)(0) does not depend on the choice of the representative of the class (</>). 

Lemma 2.2. Let G be a group acting on the smooth manifold M such that G k M 
presents a smooth orbifold and let T be a finitely generated discrete group. If (f>,ip : 
r — > G are conjugate homomorphisms with ip = g4>g~ l for g G G, then the map 

L g : M <*> ► M<^> 

: (x,</>) 1 ► (gx.gipg- 1 ) = {gx,ip) 

is a CG((t))-CG{iJj)-equivariant diffeomorphism that induces a groupoid isomorphism 
between (M;G)^ and (M;G)^y Moreover, cr| M {^> = cr| M {^> °L g . 



4 CARLA FARSI AND CHRISTOPHER SEATON 

Note in particular that G acts on the set U</>eHOM(r G) ,(f) by defining 

g(x, 4>) = (gx, gtfig -1 ). The following lemma introduces a different presentation for 
(M;G) r . 

Lemma 2.3. Suppose G x M presents a quotient orbifold and let T be a finitely 
generated discrete group. There is a strong equivalence 

Gx 11 (m w ,*p) - (M;G) r . 

i>eHOM(r,G) 

Hence, G x Yl^<=HOM(r G) (M^'\if) and (M; G)r are Morita equivalent. 

By strong equivalence, we mean an equivalence of groupoids such that the map 
on objects is a surjective submersion; see [TJ page 20]. Note that neither of the 
groupoids in question need be orbifold groupoids; we will see in Section [3] that they 
are both Morita equivalent to orbifold groupoids. 

Proof. Pick <p G HOM(r, G) with M^> ^ 0. Here, we denote points in AfW 
simply as x to distinguish from points in O-^e(^) {M^'K if)- For each ip £ (</>), pick 
a g^p G G such that g^gZ = We require that = 1. Define the map 

: (a;>) I flty 31 - 

Similarly, as G acts on U^e(0) (M^',if), define 

*f : Gx JJ (MW,^) C G (<p)xM<® 

It is easy to check that vPq and are smooth, and that they form the maps on ob- 
jects and arrows, respectively of a groupoid homomorphism ^ : GxJJ^g^ (JlfW , ^) 

G G 0) x M<*>. 

As is a disjoint union of diffeomorphisms, vI/q is a surjective submersion. It 
remains to show that 

Gx J] (mW.VJ 1 " G G (0) x 



V-G(0) 

si x s 2 



]J (mW,v) x [] (mW,v>) 11/0X11/0 «- #xMW 

is a fibered product of manifolds. This follows from the fact that the map 
^ : Gx JJ (ikfW,V) * ( JJ (M<*,^) X JJ (MW,(f) x(CcWxlW) 

: (h,(w,ip)) 1 - ((w,ip),(hw,hijjh- 1 ),(g ihi)h -i ) hg~ 1 ,g 4 ,w)). 



si x ti 
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is a diffcomorphism, which is easy to verify. 

With this, we need only note that G K U0eHOM(r g) \M > ^) admits a decom- 
position into disjoint groupoids 

Gx U (M W >*)= II ^ II (M W ,V>), 

0GHOM(r,G) (0)G*m ; g ^ 6 W) 

and each \E' <6 maps one of these groupoids into (M; G)u,\. Hence, 

#:= ]J ^:Gk U (m^,A «• (M; G) r 

We*M iG 0eHOM(r,G) 

is clearly surjective, and therefore is a strong equivalence. 

□ 

Note that the maps depend on the choice of the g^ 6 G. However, it is easy 
to see that the induced map on orbit spaces does not depend on this choice. 

Fix a homomorphism (j) : T — > G. Then the injection M induces a map 

w w : M^/C G (<P) - M/G 

: G G (0)(x,0) « Gx 

If fl^s -1 = V and (x, 0) G M<*', then the G-orbit of x in M coincides with that 
of the corresponding point g{x,tp) G M^' . Therefore, this map does not depend 
on the particular choice of representative from the conjugacy class (<j>). If (x, (j>) G 
AfW, then cr(x) = tt (0) (C G (</>){x,<f>)). In particular, tt W) (M<^>) = cr (M<*>). 

Finally, note that the map M/C G (4>) -> M/G defined by C G ((j))[x,4>) i-> Gx 
is an orbifold cover by definition (see p] Definition 2.16]). The map ir^ is the 
restriction of this orbifold cover to /C G (4>). 

2.2. T-Sectors for a General Presentation. In this subsection, we review the 
construction of the T-sectors for a general orbifold Q. We state the construction in 
general for an arbitrary orbifold groupoid Q. Throughout, we use the convention 
that the groupoid Q has space of objects Go and space of arrows G\. We also let 
cr : Go — » \Q\ = Q denote the quotient map. 

If r and Q are groupoids (with no additional hypotheses), then let Sg denote 
the set of groupoid homomorphisms tj> : T — > Q such that the map on objects is 
constant. Then Q acts on Sg by conjugation; if 4>o( z ) — x f° r each z G F , then for 
each g G G\ with s{g) = x, we let (g ■ <fi) : T — > Q have constant map on objects 
with value t(g) and map on arrows (g ■ </>)i(7) = <?0i(7)<? _1 for each 7 G Ti. 

If r is a group (treated as a groupoid with one unit), then every homomorphism 
r — > Q is constant on objects and corresponds to choice of x G Go and group 
homomorphism <fi x : T — > G x where G x denotes the isotropy group of x. Hence, we 
use 4>x to denote the corresponding groupoid homomorphism. 

If Q is a topological groupoid presenting an orbispace X (see [5] or [TO]), then 
each point x G Go is contained in an open, connected, locally connected U C Go 
such that Q\u is isomorphic to Gjj x U where Gjj is a topological group acting 
continuously on U. We give Sg the weak topology induced by the maps f3g : cf> x 1— > 
x G Go and for each 7 G T the evaluation e 7 : <f> x 1— > ^(7) G Gi. It is easy to check 
that the (/-action on Sg is continuous. With this, we make the following. 
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Definition 2.4. Let Q be a topological groupoid representing an orbispace X and 
let Y be a finitely generated discrete group. The T-sector groupoid of Q , denoted 
Q r , is the translation groupoid Q x Sg. 

For each 4> x £ Sg choosing x £ U C 5g as above induces an isomorphism 
of topological groupoids between Cgu{4> x ) K and the restriction of Q T to 

the connected component of (3^ (U) containing <f> x . It follows that the T-sector 
groupoid represents an orbispace \Q r \. As a set, 

(2.1) \G F \ = {(p,(6c)o,) :p = Gxe \G\,<t> x eHOM(r,G x )} 

where {4> x )g x denotes the conjugacy class of the homomorphism <f> x in G x . 

Now assume that Q is an orbifold groupoid presenting the orbifold Q and Y is 
a finitely generated discrete group. Then if <fi x ,ipy € Sg, a natural transformation 
from <j) x to ip y is simply a choice of an arrow g £ G\ such that s(g) = x, t(g) = y, 
and i)x{l)g = 94>y{l) f° r each 7 £ Y. Moreover, if e : K, — > T is an equivalence, 
then e is locally invertible, and X o e _1 is equivalent to cj) x (see [U Example 2.42]). 
It follows that the orbits of points in Sg via the ^-action correspond exactly to 
groupoid morphisms from Y to Q. 

For each point p £ Q corresponding to the orbit of x £ Go, there is a linear orb- 
ifold chart {V x , G x , tt x } for Q at x. By this, we mean that V x C Go is diffcomorphic 
to M. n with x corresponding to the origin, G x acts linearly on V x , and there is a 
groupoid isomorphism between Q \ y x and G X «V X . We let £ x : (s, t)^ 1 {V x x V x ) —* G x 
denote the identification given by this isomorphism and £^ = (^ x )|g : G y — > G x 
the injective homomorphism given by restriction to G y for each y £ V x . 

In this case, Sg is a smooth manifold (with connected components of different 
dimensions) and that the ^-action is smooth. Hence the translation groupoid Q T = 
Q x Sg is an orbifold groupoid, defining an orbifold structure for the T-sectors of 

Q, denoted Qr- For each 4> x £ SE, there is a a diffeomorphism of V x ^^ onto 
a neighborhood of <f> x in Sg forming a manifold chart. Identifying V x ^^ with its 
image via k^, ^Vx^^, CG x (<px),Ttt : "\ forms a linear orbifold chart for Qr at <p x . 
Within a linear chart {V x ,G x ,ir x } a,t x with y £ V x , we say that <p x locally covers 

tfjy (written <f) x rv ip y ) if there is a g £ G x such that g[{Q. o ipy){j)]g _1 = ^(t)- 
Then by [9l Lemma 2.7], there is a i/y £ <?V'i/ such that £, x °ip y — 4> x - Extending this 
to an equivalence relation on S^ , we say that 4> x ~ ipy if there is a finite sequence 
of local coverings (in either direction) connecting an element of Q<j> x to Gipy- We let 
(</))- denote the «-class of <fi and Tq denote the set of ^-classes in Sg; when there 
is no risk of confusion, we simply denote the w-class of <fi by (<fi). The ^-classes in 
Sg correspond exactly to the connected components of Qr, so for each ((f)) £ Tq, 
we let Q(0) denote the connected component consisting of C/-orbits of elements of 
(cj>) and refer to Qu) as the T-sector associated to (0). 

Note that in [21 Lemma 2.5], it was shown that a strong equivalence between orb- 
ifold groupoids induces a strong equivalence between their associated groupoids of 
T-sectors. Here, we will be interested in foliation groupoids that are not necessarily 
etale. Hence, we note the following. 

Lemma 2.5. Suppose Q and Q' are Morita equivalent orbifold groupoids. Then 
they are Morita equivalent via orbifold groupoids; i.e. there is an orbifold groupoid 
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TL and strong equivalences 

g^u^g' 

Of course, such an TL always exists, and it is always a proper foliation groupoid. 
The point of this lemma is that TL can taken to be etale. 

Proof. Choosing open covers of the spaces of objects consisting of linear orbifold 
charts, the groupoids g and g' each give an orbifold atlas for the orbifold Q pre- 
sented by g and g' . These atlases need not be effective, but as they arose from a 
orbifold groupoids, the kernels of the actions are appropriately restricted. Let TL 
be the groupoid of the maximal atlas containing these two atlases, and then there 
are clearly equivalences as required. Moreover, these equivalences are strong, as 
the domains of charts from g and g' are subsets of the space of objects of TL so 
that the embeddings of these charts into the objects of g and g' , respectively, are 
surjective. 

□ 

We solidify some notation to distinguish between the structure maps and arrows 
of the groupoids under consideration. We use s, t, i, it, and m to denote the 
source, target, inverse, unit, and composition maps of a groupoid. Often times, 
we will suppress m and simply express products multiplicatively by concatenation; 
i.e. m(a,b) = ab. When it is helpful to distinguish between structure maps of 
groupoids under consideration, we will give them subscripts of the corresponding 
groupoid unless otherwise indicated. For a translation groupoid g k M , we will 
use the notation throughout that sg K M and tg K M are the source and target maps, 
respectively, and (g k M)i is the space of arrows; note that M is the space of 
objects. An arrow in (g k M)i is given by a g £ G\ and a z S M such that 
the anchor map sends s(g) to z. We will use {g, z) to denote this arrow so that 
sqkm (g, z) — z and tg K M (ff, z) = gz. In particular, for the groupoid g r = g k Sg, 
an arrow is of the form {g,(f> x ) with sgr(g,tp x ) = <j) x and tgr(g,(j) x ) — g4> x g^ 1 so 
that s(g) = x and t{g) = gx. 

The following lemma will simplify many of our arguments; for the definitions, 
see [2 Definition 2.14 and 2.15]. The proof is direct and left to the reader. 

Lemma 2.6. Let g be a groupoid, and let M\ and M% be g~spaces with anchor 
maps a,; : Mi — > Go- Let eg : M\ — > M2 be a map that is g-equivariant; i.e. 
ct2 eo = cui and eo(hz) = heo(z) for each z € M\ and feeGi with s(h) — a\{z). 
Define 

e x : (ax Mi)! > {Q x M 2 )i 

■ (g, z ) l (5,e (»), 

and then eo is the map on objects and e\ the map on arrows of a homomorphism 
of groupoids e : g K M\ — > g K M2 ■ If eo is a bijection, then e is an isomorphism. 

If g is an orbifold groupoid, the Mi are smooth g~spaces, and eo is smooth, then 
e is a homomorphism of orbifold groupoids. If eo is a diffeomorphism, then e is an 
isomorphism of orbifold groupoids. 

3. Connections between Definitions of Sectors 

In this section, we compare the constructions of the T-sectors in Section [2] with 
one another, as well as with other constructions of sectors in the literature. 
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3.1. Good Orbifold. Let Q be a good orbifold given by the quotient of a smooth 
manifold M by a discrete group G acting properly discontinuously. Then the trans- 
lation groupoid Q := G K M is an orbifold groupoid presenting Q, and Q admits 
two decompositions into T-sectors. 

As in Subsection 12.11 we let (M; G)r denote the space of T-sectors of Q defined 
using the global G-action on M; i.e. (M; G)r is given by U(0) et i^ Gg(0) X M^. 

As in Subsection 12. 2i we let Qr denote the space of T-sectors of Q presented by 
Q v = Q x Sg. We claim the following. 

Theorem 3.1. Let Q be a good orbifold so that Q = G k M is an orbifold groupoid 
presenting Q, and let T be a finitely generated discrete group. Then Q T is isomorphic 
as an orbifold groupoid to G K 0^giJOM(r G) 

It follows that the spaces (M; G)r and Qr are diffeomorphic as orbifolds. Before 
proceeding with the proof of this proposition, we note that these spaces are not 
indexed in the same way; the set t T M . G is smaller than Tq whenever there is a 
homomorphism <f> : T — > G such that a(M^) is not connected. 

Example 3.2. Let Z/3Z = (a) act on S 2 by rotations; the quotient orbifold Q 
presented by Z/3Z x S 2 is a football with two singular points, p s and p n , both of 
which with Z/3Z isotropy. Let T = Z = (7), and define 



0,01,02 : 


Z 


Z/3Z 


0o : 


7 l— 


1 


0i : 


7 l— 


— ► a 


02 : 


7 l— 


- a 2 . 



Then the ~-classes of the 0i are the only elements of t T A[ . G . Clearly, (M;G)(^ ) 
is diffeomorphic to Q, and (M;G)( ( ^ 1 ) and (M;G)(^ 2 ) are each diffeomorphic to 
{p s ,p„} with trivial Z/3Z-action. 

Now, consider Q k 5g . Let a s generate G Ps and a n generate G Pn for a choice of 
representatives of these isotropy groups. There are five ^-classes of homomorphisms 
from T into the local groups of Q with the following representatives: 



V'o : 


Z 


— G p Vpe 


V'o : 


7 l— 


— 1 


1pl,a ■ 


Z 




V>l,s : 


7 l— 


-* a s 


^2,5 : 


Z 


' G Ps 


1p2.s ■ 


7 1— 


-* a 2 


4>l,n ■ 


Z — 




tpl.n ■ 


7 l— 


1 a n 


4>2,n ■ 


Z 


—*■ G Pn 


1p2,n ■ 


7 l— 


-* o? n . 



Then Q(^ ) is diffeomorphic to Q, while the sectors associated to each of the other 
four classes are given by a point with trivial Z/3Z- action. 
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Clearly, these two decompositions result in diffeomorphic orbifolds, although the 
individual sectors are indexed differently. 

Proof of Theorem \3.1\ Let Q denote the translation groupoid G x M so that Go = 
M and G\ = Gx M. Then Q is an orbifold groupoid in the Morita equivalence class 
of orbifold structures for Q. We let C : Gi = G x M — > G denote the projection 
onto the first factor, and then for each <j> x S Sg, we have C 4>x G HOM(r, G); i.e. 

(ocb x :T — (Gx) K -1* G. 

We define the map 

iteHOM(r,G) 

: 4> x I ► (x, C o <fe) e (AfK°*-> , C ° <fe) 

Then 2 is clearly injective; if Z(<fi x ) — Z(ip y ), then (x,( ° <fe) = (y,C ° V'y) so 
that x — y and 0^ = V-V To show that Z is surjective, let {x,ip) € (M^,-0) for 
some V e HOM(r, G) and define : L -> by ^(7) = (^(7), x). Then clearly 
Ztyx) — OejVOj an( i -2 is a bijection. Moreover, given a chart : V x ^^ — ► SE 
for 5^ near we have that 

is simply the identity on . It follows that Z is smooth with smooth inverse, 
hence a diffeomorphism. 

The anchor map of the (^-action on Sg is /3p : Sg ~* M, with (3r ■ <fi x *— * x. Let 
a '■ O-0(EHOM(r g) ,ip) ^ M be defined by a : (x, 0) 1— > x, and then a is the 

anchor map of a tj-action on LJ^ e HOM(r G) 

(MW,V>) -> M defined by 
(g,x)(x,4>) = {gx^gipg- 1 ) 

that clearly coincides with the G-action. Hence, we need only note that for each 
(5, (x,4>)) e G x U^ eH OM(r,G) (M <1>> ,V') and ^ e <S£ given by 7 ^> (^(7), a;) (so 
that Z(0 X ) = (x, 4>)), 

{9,{x,(t>))Z{(t> x ) = (g, (x,<j)))(x,( o <j) x ) 
= (9, {xA)){x,<j)) 
= {gx^^g' 1 ) 
= Z[(g,ip x )(f> x ], 

and then Z is 5-equi variant. It follows by Lemma l2.6l that Z is the map on objects 
of an isomorphism of Lie groupoids. 

□ 

By LemmaP we have that GxJT 0eHOM(r G) (MW, <£) and (M ; G) r are Morita 
equivalent. Hence, by virtue of [21 Lemma 2.5] and Lemma 12.51 above, we have the 
following. 
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Corollary 3.3. Let Q be good orbifold presented by G x M with G discrete and let 
r be a finitely generated discrete group. If Q is any orbifold groupoid presenting Q, 
then (M;G)p andQ T are Morita equivalent. Hence, the two definitions of T -sectors 
coincide. In particular, (M; G)r is Morita equivalent to an orbifold groupoid. 

Finally, we note that the proof of Theorem 13 . 1 1 generalizes readily to proper etale 
orbispaces. That is, we have the following. 

Theorem 3.4. Let Y be aT\ G-space with G discrete such that the isotropy group 
of each point is finite, let T be a finitely generated discrete group, and letQ = GxY . 
Then C/ r is isomorphic as a topological groupoid to G x 0<^gj?OM(r G) 

Proof. Algebraically, the proof is identical to that of Theorem 13.11 Based on the 
note after Definition 12.41 the map Z is clearly a homeomorphism. Moreover, the 
induced map on arrows given by Lemma l2.6l is clearly a homeomorphism as well. 

□ 

3.2. Quotient Orbifolds. In the case that G is not discrete, we have the following. 

Theorem 3.5. Let G be a Lie group that acts smoothly on the smooth manifold M 
satisfying conditions (i), (ii), and (Hi) in Subsection \2. 1\ so that G x M presents 
an orbifold Q. Let Q be an orbifold groupoid representing Q so that G k M and Q 
are Morita equivalent. Then Q r and (M; G)r are Morita equivalent. 

Proof. First, we construct a specific orbifold groupoid that is Morita equivalent to 
G x M. 

If G acts properly on M with discrete isotropy groups, then M is foliated by 
(connected components of) G-orbits (see [T5J page 16]). Pick x G M, and then there 
is a unique G^-space S x and a G-diffeomorphism of G S x onto an open subset 
of M containing x. We recall the construction of G Xg x S x . If (u,y) G G x S x and 
k G G x , then k(u,y) = (uk~ 1 ,ky) defines a G^-action on Gx S x , and G x g x S x is the 
orbit space of this action. Then the G-action on G x S x given by g'(g, y) = (g'g, y) 
induces a G-action on G Xq x S x (see [23l page 32] ) . In particular, the slice S x is a 
transversal for the foliation of (G Xq x S x ) by G-orbits. We note that S x is not a 
complete transversal unless G/G x is connected; in general, a complete transversal 
to the foliation of (G Xq x S x ) can be formed by picking one translate gS x of the 
slice of S x in each connected component of (G x Gx S x ). 

As M/G is paracompact, an open cover of M/G formed by picking a chart of the 
form G S x for a choice of one point x in each G-orbit of M can be refined to a 
locally finite cover by shrinking the S x ; hence, we can form a complete transversal 
S to the foliation of M by G-orbits by taking the (possibly disconnected) union of 
slices S x . 

By [3 Theorem 1 and Lemma 2], G k M is equivalent to the groupoid given 
by the restriction (G x M)\s of G K M to a complete transversal S (note that the 
essential equivalence of [7] corresponds to an equivalence in p] Definition 1.42]; we 
use the language of the latter for consistency). Moreover, (G x M)\s is etale. Since 
G k M is a proper and properness is preserved under equivalence, (G k M)\s is an 
orbifold groupoid. 

The following argument follows [2, Theorem 5.3], which treats the case of T = Z. 
Pick a homomorphism <j) : T — > G with nonempty fixed-point set in M. As G 
acts on M with discrete isotropy, Cg{4>) clearly acts on M^> with discrete isotropy 
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and hence foliates by (connected components of) Cg (^)-orbits. We construct 
a complete transversal to this foliation from the complete transversal S. 

Pick a chart of the form (G Xq^ S x ) where the slice S x is contained in S. Then 
(G x Gx S x )^ is by definition the set of G x (u, y) G (G x Gx S x ) such that 

V 7 GT 3heG x :(<j>(~f)u,y) = h(u,y) 

where again h(u,y) = (uh~ x , hy). We claim that (G Xg x S x )'^' is given by 

(3.1) [G x {u,y) G (G x Gx S x ) : ^(Im^u < G x ,y G S x u "^}. 

Suppose u _1 (Im </>)it < G x and y G S x u ^ U K For each 7 G T, 

u~ 1 (f>('j)~ 1 u(u,y) — (u(u^ 1 (f>(j)^ 1 u)^ 1 1 u^ 1 (/)('y)^ 1 uy) 

= ("w~V(7Hl/) 

= {(t>{l)u,y). 

As u^ 1 cf){^)~ 1 u G G x , it follows that the G^-orbits G x (4>(^)u,y) = G x (u,y). As 
this is true for each 7 G T, we have that G x (u,y) G (S x Xg x G)^. 

Conversely, suppose the orbit G x (u,y) is fixed by ^(7) for each 7 G T. Then 
for each 7 G T, there is an ft, G G^ such that (4>(j)u, y) = h(u, y) = (uh^ 1 , hy). It 
follows that 4>(j)u — uh^ 1 so that u _1 0(7)u = h^ 1 G G^. Moreover, y = hy so 

that y G S'i' l> = 5< u_1 *W~ lu >. As this is true for each 7 G T, ^(Imc^u < G^ 

and y G S'l" <t3U \ proving the expression in (|3.ip of (G x Gx S x )^ . 

Now, let ©0 be the collection of ip : T — ► Ga; < G that are conjugate to </> in G. 

Then G^ acts on U^ee^ (Sx'\ip\ via /i(y, ^) = (hy, hifjh^ 1 ). We let [y, ip] denote 

the G^-orbit of (y, ijj). Define the map 

£: (Gx Gx S x )M ► [ U (sW,i>)) /G x 

■ G x {u,y) 1 >- [y,vT l (f)u]. 

This map is well-defined, as for h G G x , 

£(G x h(u,y)) = £{G x (uh-\hy)) 

= [hyjhu^ 1 ^^ 1 ] 

= h[y, 

= [y, 

= £{u,y)- 

Note that y G si" whenever G x (u,y) G (G x Gx S x )^\ and note further that 
the map £ is clearly smooth, both observations by virtue of (|3.1|) . 

The map £ is not injective. However, we claim that £(G x (u,y)) = £(G x (v,y')) 
if and only if there is a z G Gg(<^) such that z(G x (u,y)) — G x (v,y'); i.e. (zu,y) = 
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h(v,y') = (vh , hy') for some h £ G x . If this is the case, then (u, y) = (z 1 vh 1 ,hy') 
so that 

£(G x {u,y)) = [y.u^^u] 

= [hy'^z^vh- 1 )- 1 ^-^- 1 ] 
= [hy' , hv^ 1 z(ftz~ 1 vh~ 1 ] 
— h[y' , v <fw] 
= [y',v- l (f)v] 
= £(G x (v,y')). 

Conversely, if £(G x (u,y)) = £(G x (v,y')), then [y, u~ 1 <jyu\ = [y r , v^cfrv] so that 
there is an h G G x such that = h(y', v -1 ^) = (hy'^hv^^vh^ 1 ). It 

follows that y = hy' and u _1 0u = hv (frvh , i.e. that <f> — vh u (jjuhv" 1 . 
Hence letting z = vh u , z £ Cg(4>), and we have that zu = vh , so that 
(zu,y) = (vh~ l ,hy'). 

To see that this map is surjective, let [y, ip] 6 Ui/>ec> (Sx?\ipj and then there is 
awe G such that uipu" 1 = <j>. Then (u, y) <E {Gxq x S x )^ and £(G x (u : y)) = [y,^]- 

With this, we have that £ induces a diffeomorphism from (G Xq x S x )^ /Cg{4>) 
onto (jl^fzo^iSx^ ,?p)j /G x . Let (ip)a x denote the G x -conjugacy class of ip to 
distinguish it from the G-conjugacy class. Recall from the proof of Lemma [2~3l that 
the strong equivalence 

G x * U (^»— II Cg^kSW 
*eHOM(r,Gj WJg^o^/g, 

restricts to an equivalence 

G x x II (S<*U) — Cb.(^) KfiW 

G G 

for each ~ -class (V0g x - Noting that 0^ clearly consists of entire ^-classes, we 
have that there is an equivalence 

U II G Gx (<A)kSW, 

where the G^-action on is by conjugation. This implies that there is a diffeo- 
morphism 

(3-2) I II (SW,V0 J /G* — II S^/C G M). 

V>eo* / (V)G ? eO0/G a: 

Note that (G Xg x S x )^ is empty unless is conjugate in G to a homomorphism 
with image in G x . Choose one representative ip from each G^-conjugacy class 
(ip)a a - Recall that the map £ is constant on Gc(0)-orbits. From its definition, £ 

maps the submanifold S x ^ of the slice S x to the G^-orbit of (jS^ , i(n . Moreover, 
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if tp is the chosen representative of the conjugacy class ( - 0)g x , the equivalence in 

Lemma [2.31 maps (^si^,^ onto . It follows from this diffcomorphism and 

these observations that the disjoint union S x = II(i/>) Q eo^/G is a complete 

transversal to the foliation of (G "Kq x S x )^ by connected components of Co (</>)- 
orbits. Forming S x for each chart for S as above, the (possibly disconnected) union 
S of the S x forms a complete transversal to the foliation of M^> by the Gg(<^)- 
action. 

As usual, let (G x M)\ t s denote the groupoid of T-sectors for the orbifold groupoid 
(G x M)\s, constructed as in Subsection 12.21 Note that the space of objects of 
(G x M)\s is simply S while the arrows of (G x M)\$ are given by (g,x) G G x S 
such that gx G S. Clearly, then, the isotropy group of a point x £ S is simply G^ , 
the isotropy group of cc as a point in M . It follows that the space of objects of 
(G x M)\ T S is the set of homomorphisms ip x : T — > G x for icS with local charts 
given by Vx^'K As the action of an arrow (g,x) in (G x M)|s is given by g^xg^ 1 , 
yielding a homomorphism from T into G gx , the groupoid (G x is isomorphic 

to the restriction of the groupoid Gg(^>) x to the complete transversal S given 
above. As this is true for each (4>) G t\f. G) it follows that there is an equivalence 

from (G x M)\l to G x U 0eH OM(r.G) M<0> - Hence ( G K and ( M 5 G )r are 

Morita equivalent by Lemma 12.31 

To complete the proof, suppose that Q is any orbifold groupoid Morita equivalent 
to G x M. Then Q is Morita equivalent to (G x A/)|s via etale groupoids by Lemma 
12.51 implying by [HI Lemma 2.5] that the T-sectors of the two groupoids are Morita 
equivalent. 

□ 

Corollary 3.6. Let G be a Lie group that acts smoothly on the smooth manifold 
M satisfying conditions (i), (ii), and (Hi) in Subsection \2.1\ so that Gx M presents 
an orbifold Q. Let V be a finitely generated discrete group. Then (M; G)r is Morita 
equivalent to an orbifold groupoid and hence presents an orbifold. 

While Example 13.21 illustrates that the correspondence 

Tq 3 (0x)w I (C ° <t>x)~ 6 tM:G 

is not injective, it is clearly surjective. It is an obvious consequence of Theorems EH] 
and !3.5l and the fact that ^-classes are precisely connected components of Qr = \G r \ 
that each «-class corresponds to a connected component of a ~-class of (M; G)r- 
With this, we note that the equivalence ~ defined on objects of Q T in Subsection 
12.21 can be expressed naturally on cither model of (M;G)r- Using the groupoid 
(M;G) r defined in Definition |2~T1 given (x,(j>),(y,(p) G we say that (x,<fi) w 

(y,ip) if t ne orbits Gg(0)x and Gg((^)?/ are on the same connected component of 
M^/C G {4>). Similarly, using the Morita equivalent groupoid representing (M; G)r 
given by Lemma [2.31 we say that {x, 4>) ~ (y,ip) for two points (x,4>),(y,ip) G 
LI^gHOM(r G) (Af^,V) whenever there is a g G G such that gcjjg^ 1 — ip and 
such that the orbits G(x, </>) and G(y, tji) — G(gy, (j>) are on the same connected 
component of f LI^, e HOM(r g) (M^\t/j)^J /G. Clearly, the three definitions of w 
coincide in the sense that they define the same equivalence classes on the quotient 
space, and the ^-classes correspond exactly to connected components. We let 
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(x, <j))~ denote the «-class of the point (x, <j>) in either case and T^.q the set of 
^-classes. Then T^.q and Tq obviously coincide. 

In the same way, the definitions in [HI Section 3] can be reformulated from the 
perspective of a presentation as a global quotient. Let (x,(f))~,(y,ip)~ € Tm-q 
and let (M<* /Cq(4>)) x and (M^ /C G (ip)) y denote the connected components of 
M^/G G (</>) and M^/Cg(V0 containing the orbits of x and y, respectively. We 
say that < (y,^)„ if 7r((MW/C G ($) B ) C 7r((MW/C G (^)) tf ) where tt : 

(M; G)r — > M/G denotes the map Cg(^)(x,4>) >—> Gx. Similarly, T covers the 
local groups of Q if, for every H < G such that M ^ 0, there is a surjective 
homomorphism <f> :T — > . 

3.3. Connections between T-Sectors and Other Sectors. The definition of 
the F-sectors was motivated by that of the inertia orbifold and the fc-multi-sectors 
given in |TJ pages 52-53] (see also [B]). Hence, the T-sectors generalize the definition 
of the multi-sectors in the following sense. 

Proposition 3.7. Let Q be an orbifold presented by the orbifold groupoid Q and let 
Ffc denote the free group on I -generators. Then the groupoids Q k Sg and Q k Sg k 
are isomorphic. In particular, Qf k is diffeomorphic to the space of k-multi-sectors 

Qk- 

Proof. This follows almost immediately from the definition. Let be generated 
by 7i, . . . , 7fe, and recall from pQ that Sg is defined to be the set 

{(51, . . . ,g k ) ■ g t e G 1 ,s(g l ) = t(gj) Vi, j < k}. 

To each (<?i, • • • , <7fc) £ Sg with s(gi) = t(gj) — x, there is a unique homomor- 
phism cj> x : Ffe — > G x such that 4> x {li) = g%- It is obvious that the identification 
(31, . . . ,gk) !— > <fix is a homeomorphism Sg — > 5^ fc . With this, we need only note 
that the action of on <Sg and <5>g fc are defined identically, and hence the result 
follows by an application of Lemma 12.61 

□ 

Corollary 3.8. Let Q be an orbifold groupoid. Then C/ z is isomorphic as a groupoid 
to the inertia groupoid AQ. In particular, the space ofl-sectors Qi is diffeomorphic 
to the inertia orbifold Q. 

In |15j . Leida defines the fixed-point sectors of an orbifold groupoid Q. Recall 
that Leida defines S(Q) = {(x, H)\x £ Go, H < G x }, and Q = Q x S(Q). Similarly, 
for each subgroup H of G%, S H (Q) is the subset {(x,K)\K = H} given by points 
(x, K) where K is isomorphic to H . Define the map 

g: S% S(Q) 

: 4> x 1 (x,Im<p x ). 

For each point (x, Im0 x ) — q{^x) m the image of g, there is a neighborhood V x 
of x in Go such that the restriction Q\v^ is isomorphic to G x x V x . This corre- 
sponds to a neighborhood of (x,lm0 x ) in S Im ^ x (Q) diffeomorphic to Vx ^ such 
that the restriction of Q lTa ^" is isomorphic to Ng„ (Im <j> x ) X V^f (see [HI Sec- 
tion 2.2]; TVc^Im^) denotes the normalizer of Im^ in G x ). Similarly, there 
is a neighborhood of cf) x in Sg such that the restriction of Q T is isomorphic to 
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Cg^^x) x Vx . When restricted to these neighborhoods, the map g is simply the 
embedding of Cg x (4> x ) x Vx^"* into Ng w (4>x) x V x ^ . If ip x is another point with 
g(ip x ) = (x,Im<f> x ) thenlm-0x = lra<j> x so that G Gx (ip x ) X V^*' = C Gj: (<p x ) K V^ ^ . 

If a point (x, Im<^> x ) is in the image of g, then every point in Q l ' m 't>* is in the 
image of g. To see this, note that if (y,H) € S lm ^ x (Q), then as H is isomorphic 
to Im <fix, there is a homomorphism ip y : T — > G y with image -ff. It follows that 
g(tfiy) — (VtH). Note that it need not be the case that ifi y « (fi x . However, using 
the techniques of [9] Lemma 3.2], it is easy to see that the images of T-sectors (</>) 
via g are entire connected components of Q. In particular, if (x,Im.(fi x ) and (y,H) 
are in the same connected component of a fixed-point sector Q lm ^ = Q H , then 
they are connected by a path in (7 ff and hence a finite number of charts of the form 
NG x .(Hi) x V^} with each iJ^ isomorphic. Arrows g S Gi connecting orbits of 

point in V^ ffi to those in Va^j 1 act on homomorphisms with images in Hi resulting 
in homomorphisms with images in H i+ i. Hence, a sequence of homomorphisms <fi Xi 
can be defined in each chart, showing that there is a <fi y rs ^ with g{<fi y ) = (y, H). 

If r covers the local groups of Q, i.e. for each subgroup H < G x of an isotropy 
group of Q, there is a surjective homomorphism T —> H, then it is clear that each 
(x,H) is the image via g of a <j> x with Im^ = H. Hence, g is surjective, and we 
have the following. 

Proposition 3.9. Let T be a finitely generated discrete group and Q an orbifold 
groupoid presenting the orbifold Q. Each T -sector of Q is an orbifold cover of a 
connected component of each Q Im '^ 1c {Q). If (fi x is chosen to have minimal isotropy 
in {<fi), then the T-sector (<fi) is a [NG^i^x) '■ Cg x (jfix)\ -cover of the corresponding 
fixed-point sector. IfT covers the local groups of Q, then each connected component 
of each Q H is orbifold covered by a T-sector. 

As the homotopy groups of an orbifold groupoid Q are Morita invariant, it follows 
that the homotopy groups of the T-sectors are Morita invariants for each finitely 
generated discrete group T. See [15], [5], and [10] for more on homotopy theory of 
homotopy groups of orbifolds and orbispaces. 

4. A Model of the T-Sectors Using Generalized Loop Spaces 

In [TH] , it is shown that the inertia orbifold of an orbifold Q occurs in the context 
of the loop space of Q. It appears as the subset of constant loops or equivalently 
the set of loops fixed by the natural ^-action on the loop space. In this section, we 
show how this construction can be generalized to demonstrate that the T-sectors 
of an orbifold arise in the same way when considering maps from a closed manifold 
Mr with fundamental group T. See also [H] for similar results for global quotients 
from a different perspective. 

Many of the results in this section can be proven by direct generalizations of 
arguments in |16j once the appropriate definitions are given. Hence, we will be 
thorough with the details of the definitions and refer the reader to [16], noting 
any nontrivial changes. Throughout this section, we let Q be an arbitrary smooth 
orbifold represented by the orbifold groupoid Q . 

4.1. The Mr-Multiloop Space of an Orbifold. In this subsection, we develop a 
groupoid structure for a manifold Mr with fundamental group T. This construction 
generalizes that of [TBI Sections 3.1-3.2] for the case of T = 7L and Mr = S 1 . 
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Let r be a finitely generated discrete group, Mr a smooth manifold with fun- 
damental group r, and M the universal cover of Mr so that M/T — Mr- We let 
TTr : M — ► Mr denote the covering projection. Fix a metric on Mr and consider 
a cover U = {U n } n eN of Mr that is ^-admissible; i.e. each U n is evenly covered 
and has diameter < -. Note that if M T is compact, we can assume that U is 
finite. Let W be the cover of M formed by the connected components of the sets 
7r r 7 1 (J7i) for each Ui £ U. In other words, for each n £ N, choose one connected 
component of Trf 1 ^) and let W2 = jW^. Then W = {W^}„ eN , 7 er- Set 
W„ = 7Tp 1 (U n ) = U 7er W^, and define the groupoid M w to be the groupoid as- 
sociated to the covering W of M. That is, the set of the units {M w ) of M w is 
given by 

(M W ) Q = ]J WZ, 
and the set of arrows (M w )i is 

(M w ) 1= JJ w?nw£. 

n,meN;7,(5er 

We let (x, W2) denote the object associated to x £ C M to distinguish it from 
(x, Wjj) in the case that x G (~l M 7 ^. When the specific translate of W„ does 
not concern us, we simply use (x, W n ). Note that this introduces no ambiguity; 
r is the group of deck translations of the manifold cover M — > Mr so that x can 
be contained in only one translate of Similarly, we use W2'm to denote 
the connected component W2 n of (M w )i and let W n , m = U 7i5£r W n,L- 
Then (x, W^^) or simply (x, W n , m ) (again, with no ambiguity) denotes the arrow 
corresponding to the point x £ W^m- The structure maps are defined by 

s MW (x,WZ;i) = (x,WJ), 

t MW (x,W2;i) = (x,Wi), 

i MW (x,WZ;i) = (x,W% n ), 

u MW {x,W2) = (x,W™); 

3f arro\' 

sition is defined as 



a composable pair of arrows is of the form ((x, W^Q), (x, W^'^)), and the compo- 



m M w ((x, W%), (x, W^i)) = (x, W t %). 
Define a left T-action on M w by 

T x (M w )o ► (M w ) 

{Y,(x,wz)) i — ► {ix,wr) 

and 

r x (M w ) 1 ► (M w ) 1 

W,(x,WZ;i)) i— ( 7 'x,^>' 5 ). 
The following proposition is straightforward. 

Proposition 4.1. The above is an action of the group T on the Lie groupoid M w . 
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Hence, we have the following. 

Definition 4.2. Let = Y x M w be the groupoid crossed product ofY with the 
groupoid M w with respect to the above action ofY. In particular we have 

*M r w (7, (x,W n , m )) = (jx,W m ), 

iM" (7, ( x , W n>m )) = (7" 1 , (7a;, W m , n )) , 

u M w (x,W n ) = (1, (x, W n<n )) ; 

a composable pair is of the form (7, (a;, Wj )n )) , ((5, (72:, W„ )m )), and t/ie composition 
is given by 

m M w [(7, [X, Wi <n )) , (5, (jX, Wn,m))] = (7<*> fa, Wl,w)) ■ 

Proposition 4.3. The groupoid is Morita equivalent to M-p with its trivial 

groupoid structure. 

Proof. In fact, there is a strong equivalence from to Mp defined on objects 
by (7, (x, W n )) 1— > 7rr(x), and on arrows by mapping (7, (x, W„ im )) to the unit over 
7rr (x) . That this map is a strong equivalence is easy to check. 

□ 

In the same way, one can prove the following. 

Proposition 4.4. If W is a refinement ofW, then the natural groupoid morphism 
Pyj : Mp^ — > Mj^ is a strong equivalence. 



Note that Proposition ^. 3l implies that the Morita equivalence class of the groupoid 
does not depend on the metric used to define it. More concretely using Propo- 
sition l4~4l if given two metrics on Mr with corresponding covers U\ and IA2 (inducing 
covers Wi and W2 of M), one can define a strictly smaller metric and corresponding 
cover U3 that refines both IA\ and U2 ■ 

Definition 4.5. Let Q be a smooth orbifold presented by the orbifold groupoid Q, 
and let W be a cover of M constructed from an admissible cover of Mr as above. 
The Mr-multiloop groupoid of Q corresponding to W is defined to be the 
groupoid A4C(W; Q)m t where 

(MC(W;G) Mr ) = HOM(M™ r ,g) 

is the set of Lie groupoid homomorphisms from to Q . The arrows in M.C(yV; Q) 
are defined as follows. For any two elements $, * 6 HOM(M^ , G), an arrow from 
*S> to <f> is a map A : (_Mjv )i — > (Q)i such that the following diagram commutes 

(M^i G, 

S M w X t M w S X t 



Mr 



(M™)o x (M^o G x G 
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and such that for every (7, (x, W n )) e (M? we have 

A(7, (x, W n )) = fi(7,(j;,^))A %wos M vv(7,(a;,ff„)) 



(4.1) 



= A 



u M w ot M w(7,(a;,W„)) $1(7, fx, W n )) 



where as usual $1 and ^1 denote the maps on arrows given by $ and '5 , respectively. 
Note that the above product is taken in G± so that the target of the right element is 
equal to the source of the left. 

If A : ^ — ► $ and Q : $ — > S, i/ien ifte composition D, o A is defined by 



no a 



U M w ot M w("f,(x,W n )) 



A 



U M w o £ M w (7, (x, W„)) ^ M M w o i M w (7, fx, W„)) 



JloA(7,(i,W Il ))=l]oA u M w o t M w (7, (a;, W„)) Si (7, (x,W n )) 

Under the compact-open topology, M£(W; Q) Mv is a topological groupoid. Note 
that for each arrow in A 6 A4L(W;Q) Mr from $ to A o u M w i s a natural 
transformation from 4> to \& (see [TJ Definition 1.40]). 

Compare the following to [TBI Definition 3.2.2]. 

Definition 4.6. Let Q be a smooth orbifold presented by the orbifold groupoid 
Q . The Afr-niultiloop groupoid of Q denoted M.JC(G)mt * s ^ ne colimit of the 
Mv over all admissible covers of Mr partially ordered by inclusion of 
cover charts. 

In order to show that the Afr-multiloop groupoid MC(G)m t of an orbifold Q 
presented by the orbifold groupoid Q is etale, we first have the following. 

Lemma 4.7. Let MC{Q)m t be the Mr-multiloop groupoid of an orbifold Q pre- 
sented by the orbifold groupoid Q. Then any arrow A : — » $ is completely 
determined by "J and by A o u M w(x, W n ) for any (x, W n ) G (Afp )q. 

Proof. Straightforward from the definitions; see [161 Lemma 3.2.4]. On any given 
W n , A is determined by 'J, a single value A o u M w (x, W n ), and Equation 14. II This 
determines A on each chart W m such that W n D W m / 0, and hence recursively on 
on every chart. 

□ 



Proposition 4.8. Let A4£(Q)M r be the Mr-multiloop groupoid of an orbifold Q 
presented by the orbifold groupoid Q . Then MC{Q)m t * s etale. 

Proof. Again straightforward from the definitions. An arrow A : \P — > $ is deter- 
mined by '5 and a single value A o u M w (x, W n ). The result then follows from the 
fact that the isotropy groups of Q are finite. 

□ 



The next result follows [HI Section 3.4]. 
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Proposition 4.9. Let A4C(G i) M v be the Mr-multiloop groupoid of orbifolds Qi pre- 
sented by the orbifold groupoids Qi fori = 1,2. A groupoid homomorphism e : Qi — > 
Q2 induces a homomorphism of Mr-multiloop groupoids cmc '■ ■M-£-(Gx)Mr ~ * 
A4C(Q 2 )mt ■ If e is a strong equivalence, then cmc is a strong equivalence. 

Proof. The proof is identical to that of [16j Definition 3.4.1 and Lemma 3.4.2]. 

□ 

4.2. The Mr-Multiloops when Y is a Subgroup of a Contractible Abelian 
Group. In this subsection, we assume that T is a subgroup of a contractible abelian 
Lie group T; in the notation of Subsection 14.11 T = M and T/Y = M r . Following 
[TBI Section 3.6], we recover the T-sectors of Q from the fixed points of the T/Y- 
multiloop groupoid. First, we define a T-action on the T/r-multiloop groupoid 

MC{g) T/T . 

Definition 4.10. Suppose Y is a subgroup of a contractible abelian Lie group T . Let 
MC(W; G)t/t b £ the T /Y -multiloop groupoid associated to the cover W ofT given 
by Definition ^. 5\ For each W n = JJ 7gr W2 and t G T , let W„ denote the translate 
tW n — {tx : x G W n }, and let W* denote the translated cover {W^} n eN- Note that 
this introduces no ambiguity; has the same meaning as in Subsection ^. 1\ when 
t 6 T <T. Then T acts on JJ feT W* via (s, (x, W*)) h-> (sx, W?) for s G T. As 
T is abelian, this action descends to a T-action on the cover UneN,treT/r Uf of 
T/Y -translates ofU in the same way. 

Now define an action ofT on liter M£(W ]G)x/v 

T x ( IJ M£(W*; G) T/r ) ( IJ MCiW 1 ; G) T/T 

\t£T J q \t£T / q 

(t,*) 1 — - 

where ^! is defined by 

*S(s,Wj) = *(t- l x,W n ), 

*i(7,(*,W£ m )) = HftfyQt-^Wn^)). 
Taking the colimit, we obtain an action ofT on A4£(G)T/r- 

Now consider the subgroupoid MC(G)^/ r of MC(G)t/t consisting of elements 
fixed by the action of T. In Theorem 14. 131 below, we will show that A4£.(G)t/t ^ s 
Morita equivalent to G T , the groupoid presenting the T-sectors of Q. When Y = Z, 
this coincides with [TBJ Theorem 3.6.4 and Proposition 3.6.6]; see also [8]. The 
following two lemmas can be proved in the same way as in [161 Lemmas 3.6.2 and 
3.6.3]. We give the proof of Lemma [4.121 explicitly, because it is important for the 
proof of Theorem 14.131 

Lemma 4.11. For any object ^5> of A4C(G)t/t' ^0 o-nd \&i are locally constant. 

Lemma 4.12. For any object \P of A4£(Q)^/ r , there is another object $ of M.jC(G)t/t 
defined over the trivial cover of T by one chart such that there is an arrow A con- 
necting and $. 
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Proof. Given a point (x,W) G (T w ) , if (y,W) G (T w ) is another point in 
(T w )o, then there exists a finite collection W 1 , . . . , W r of sets in the cover W such 
that W 1 =W,W r = W, and W i n W i+1 f in T for i = 1, 2, . . . , r - 1. 

For each (z;,VP) such that z, € rnF +1 , we have that *i(l, (z*, n T^ l+1 )) 
is an arrow from * (z,, VP) to * (^, We define the arrow ^ +1 (z,) 6 (T w )! 

from # (>i, W) to # (z i5 VF+ 1 ) by 

^+ 1 (z l ) = * 1 (i,(z l ,w rl n^+ 1 )) 

and note that as and are locally constant by Lemma [4.f 1[ A* +1 does not 
depend on Zj. Choosing one € W" 1 D for each j, we set 

= (zr-uW^nW)) (z r _ 2 , vr-W'- 1 )) • • • (zi, w-^rw 2 )). 

Note that the definition of A^r depends only on the sets W and W', and that 
(aW\-i _ jw 

Define a morphism <!> : — » 5 by 

$o(z,W„) = * (a:,W) 

$i( 7 ,(^,^,m)) = ^:*i( 7 ,(^^ m ,„))^ : . 
Because is locally constant, 

$i(l,(z,W„, m )) = * x {l,{z,W n , m )), 

and 

$i(7,(z,W„, m )) = *i(7,(z,W n , m )) 
for each z G W n . m . Hence we can define $ on the trivial cover of T consisting of 
points (z, T) by 

$0(2, T) = $ (x,W) 

$ 1 ( 7 ,(z,T)) = $ 1 ( 7 ,(z,^„, m )) 

whenever z G W n r\W m - Lastly, we define an arrow A : if? — > $ by A(l, (z, W„ m )) = 
A w m 

□ 

We now have the following. 

Theorem 4.13. There is a strong equivalence from M.C{Q)^ ^ t° the groupoid Q T 
of Y -sectors of Q. 

Proof. See the proof of [16j Theorem 3.6.4]. Given * e MC(G)^^ r , let $ be as in 
the proof of Lemma \4. 121 As $0 is locally constant, $o(y, T) = < &o(l, T) for each 
y eT. We have that 

= *o(7y,T) 

= to Z^, (y,T)) 

so that each $1(7, (y,T)) is an element of the isotropy group G^ r y \ = G$ (!). 
Hence, we can define a homomorphism (ft : T — > G$ (i) by 

#7) = *i(7,(l,T))- 
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Clearly, the correspondence ^ i— > <f> is surjective, as given any cj> x : T — > G x , one 
can define a * G A4£(0)£, r with ^o(y,T) = x and ^1(7, (y,T)) = <p x (j). That 
this correspondence is a strong equivalence of groupoids is straightforward. 

□ 

It follows that M.C{Q)!pi T is Morita equivalent to Q T . 

Note that in [5, Proposition 3.5.3], Chen proves that the in the case of a proper 
etale topological groupoid Q representing an orbispace such that the space of objects 
is a T\ space, there is an identification similar to that given by Theorem 14.131 on 
the level of orbispaces for the case T = Z. Using exactly the same proof with the 
definitions given above and Equation 12. 1[ we have the following. 

Proposition 4.14. Let X be an etale proper orbispace, that is, an orbispace repre- 
sented by the etale proper groupoid Q , such that Gq is a T\ space. Let T be a discrete 
subgroup of a contractible abelian Lie group T . Then the orbit space \AiC{Q)Tj,^ T \ 

of the groupoid Ji4£(Q)Jp/ r is homeomorphic to \Q T \. 

4.3. The Mr-Multiloop and the T-Sectors in the General Case. In the 

general case of My an arbitrary manifold with fundamental group T and universal 
cover r, we have a correspondence similar to Theorem 14.131 In this case, we use 
the groupoid of constants, a subgroupoid of A4£(G)m t - 

Definition 4.15. Let Q be an orbifold presented by the orbifold groupoid Q. The 
groupoid of constants C{Q)m v of M.C{Q)m t * s defined to be the subgroupoid of 
■M£(Q) Mr consisting of the $ such that a o $ is constant. Recall that a : Q — > \Q\ 
denotes the quotient map onto the orbit space ofQ. 

Theorem 4.16. There is a strong equivalence from the groupoid of constants 
C(Q)m f to the groupoid Q T of T -sectors of Q. 

The proof is identical to that of Theorem 14. 131 

4.4. The Mr-Multiloops of a Quotient Orbifold. In this subsection, we spe- 
cialize to the case where My is compact and Q is presented by as the quotient of a 
smooth connected manifold X by a compact Lie group G acting locally freely (i.e. 
properly with discrete stabilizers). In the case of G finite, a very explicit character- 
ization of the loop space is given in [161 Section 4.1]. It is shown that it is enough 
to consider only the homomorphims defined on the trivial cover. Here, we briefly 
explain how this characterization extends readily to the case of G compact and 
the Mr-multiloops. Throughout this section, we let Q denote an orbifold groupoid 
Morita equivalent toGKX. In particular, we can take Q to be given by a collection 
of slices for the G-action as in Theorem 13.51 

First, we note the following. The proof is similar to that of Lemma [4.121 and, 
given the modifications outlined in Definitions 14. 2i 14. 5i and 14.151 and the local 
structure of quotient orbifolds demonstrated by Theorem 13.51 identical to that of 
QH Lemma 4.1.1]. 

Proposition 4.17. Let Q be a quotient orbifold presented by G k X with G a 
compact Lie group acting locally freely on the smooth manifold X . Let A4£(Q)M r 
be the Mr- -multiloops for Mr- compact. Then for any morphism ^> : M^ — > Q , there 
is a morphism $ : M^ M ^ — * Q subordinate to the trivial cover of My by M and an 
arrow connecting "J to $. 
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Similarly, the morphisms ^ subordinated to the trivial cover of Mr is determined 
by the image of LH =1 M x {7^} under ^1 where {71, . . . , 7 S } is a set of generators 
of T; compare [THl Section 3.3]. 

Lemma 4.18. Let Q be a quotient orbifold presented by G x X with G a compact 
Lie group acting locally freely on the smooth manifold X. Every morphism in 
W G MC(G)m t subordinated to the trivial cover of My is determined by the image 
of T Tj— 1 M x {gi} under where {gi, . . . ,g n } is a set of generators ofT. 

Proof. Pick a set of generators {71, . . . , 7 S } of T and let (x, 7) £ T x M. Then if 
7 = 7^ . . . 7^ s is an expression of 7 in terms of these generators, 

(21,7) = {x,g ai ){g ai x,gl\~ l ) ■ ■ ■ (g^' 1 ■ ■ ■ g^x, g a J. 

It follows that 

□ 

Fixing a generating set {71,..., 7«} of T, it follows that there is a bijective 
correspondence between the morphisms ^ subordinated to the trivial cover of Mr 
in M£(G)r and the collection of pairs (/, 0) where = {51, . . . , g n } is an s-tuple 
of elements of G satisfying the same relations as the 7, , and / : M — » X is a smooth 
map such that gif(x) — f{jix) for each i = 1, . . . s. Let Pe denote the set of all 
such pairs. Similarly, let A be an arrow between homomorphisms 'F = (/, 0) and 
$ = (/', T) with = {<7i, . . . , g s } and T = {fci, . . . , k s }. Using the fact that X is 
connected, there is an h s G such that fcj = hgih~ Y and hf(x) = /'(a;) for each 
i = 1, . . . s and x 6 M. Thus we have the following consequence of Lemma 14.71 

Proposition 4.19. Let G act on V& via 

[h,(f,e)} 1 — - {hf^hQh- 1 ), 

where hOh^ 1 indicates pointwise conjugation of the s-tuple 0. The crossed prod- 
uct groupoid G x V@ is Morita equivalent to the orbifold Mr -multiloop groupoid 
M£(Q) M r ofQ. 

For each s-tuple = (gi, . . . ,g s ), let Gg(0) denote the centralizer of the sub- 
group generated by the g^. Techniques identical to those in Lemma [2T3l demonstrate 
that the crossed-product groupoid G x Vq is given Morita equivalent to 

]J (C G (0) x V e ) , 
(0) 

where the sum is over the G-conjugacy classes (0) of the s-tuples 0. Hence we 
have the following. 

Corollary 4.20. The groupoid 

H (G G (0) x V e ) , 

(6) 

is Morita equivalent to the orbifold Mr-multiloop groupoid AAC{G)m t of Q. 
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Note that in [21, Equation 2-12, page 808], the multiloop T-sectors for global 
quotients are given by 

h Mr (X;G) = []Map (M;X)/C G (0) 

(4>) 

where the space Map^ is defined as 

Map (Af;X) = {/ : M - X\,f{ 1X ) = 4>(l)f(x) Vx £ M, 7 e T} 

(with notation modified to our case, and the T-action on M expressed as a left 
action). Hence Lm f coincides with the groupoid in Corollary 14. 201 in the case of G 
finite. 

Restricting to the groupoid of constant maps (/, 6) in M.L(G) M as in Definition 
14.151 we have that if = (gx, . . , ,g s ), then 

9if(x) = filix) = f(x) 

for each x £ X and i — 1, . . . , s. Hence the image of / is fixed by each gi. 

Corollary 4.21. The subgroupoid of constants CL(Q) M of ML(G) r is given by 

U(c G (9)Kl< e >), 

(e) 

where the sum is over the G-conjugacy classes (Q) of the s-tuples Q, and is Morita 
equivalent to the groupoid Q r presenting the T -sectors Qr- 
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